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Abstract: To conquer the multicollinearity problem in logistic 
regression, many alternative estimators have been proposed in the 
literature when some linear restrictions on the parameter space 
are available in addition to the sample model. In this paper, we 
propose a new two parameter Liu-type estimator called Stochastic 
Restricted Liu-Type Logistic Estimator (SRLTLE) by combining 
Liu-type estimator with the logistic model in the presence of 
stochastic linear restrictions. Further, a Monte Carlo simulation 
study is done to compare the performance of the proposed 
estimator with some existing estimators in the scalar mean 
squared error (SMSE) sense, and a numerical example is given to 
illustrate the theoretical results. 

Keywords: Logistic Regression; Multicollinearity; Stochastic 
Linear Restrictions; Liu-Type Estimator; Stochastic Restricted 
Liu-Type Logistic Estimator. 

INTRODUCTION

It is a known fact that the Maximum Likelihood Estimator 
(MLE) of each of the parameters in the logistic regression 
model is highly affected by the multicollinearity among the 
explanatory variables. As a consequence, the variance of 
the MLE is inflated, and hence inefficient estimates may 
produce. To tackle this issue in the logistic regression, 
many scholars proposed alternative biased estimators to 
MLE. These estimators are mainly categorized into three 
different types such as (i) biased estimators based only on 
sample information, (ii) biased estimators based on sample 
information and exact linear restrictions as prior information, 
and (iii) biased estimators based on sample information and 
stochastic linear restrictions as prior infromation.  Some 
of the bised estimators proposed in the literature under 
the first type are namely the Logistic Ridge Estimator 
(LRE) ( Schaefer et al., 1984), the Principal Component 
Logistic Estimator (PCLE) (Aguilera et al.,2006), the 
Modified Logistic Ridge Estimator (MLRE) ( Nja et al., 
2013), the Logistic Liu Estimator (LLE) ( Mansson et al., 
2012), the Liu-Type Logistic Estimator (LTLE) ( Inan 
and Erdogan, 2013), the Almost Unbiased Ridge Logistic 
Estimator (AURLE) ( Wu and Asar, 2016), the Almost 
Unbiased Liu Logistic Estimator (AULLE) (Xinfeng 2015) 
and the Optimal Generalized Logistic Estimator (OGLE) 
(Varathan and Wijekoon, 2017).  When the exact linear 
restrictions are available in addition to the sample logistic 
model (second type), the Restricted Maximum Likelihood 

Estimator (RMLE) by Duffy and Santner (1989), the 
Restricted Logistic Liu Estimator (RLLE) by Siray et 
al. (2015), the Modified Restricted Liu Estimator by Wu 
(2015), the Restricted Logistic Ridge Estimator (RLRE) 
and the Restricted Liu-Type Logistic Estimator (RLTLE) 
by Asar et al. (2016) have been proposed in the literature. 
When the restrictions on the parameters are stochastic 
(third type), Nagarajah and Wijekoon (2015) introduced 
the new estimator called Stochastic Restricted Maximum 
Likelihood Estimator (SRMLE), and derived the superiority 
conditions of SRMLE over the LRE, LLE and RMLE. 
Also, by introducing the Stochastic Restricted Ridge 
Maximum Likelihood Estimator (SRRMLE) (Varathan 
and Wijekoon, 2016a), and the Stochastic Restricted Liu 
Maximum Likelihood Estimator (SRLMLE) (Varathan 
and Wijekoon, 2016b), the LRE and LLE estimators were 
further improved in the presence of stochastic restrictions. 
When comparing the above estimators, it can be noted 
that incoperating stochastic linear restrictions to the 
sample model (i.e. the third type) improves the estimators 
further (Nagarajah and Wijekoon (2015), Varathan and 
Wijekoon (2016a), Varathan and Wijekoon, (2016b).  This 
information motivated us to propose a new estimator under 
stochastic linear restrictions by considering to improve 
the performance of the  logistic model. Hence, by adding 
stochastic restrictions as prior information to the LTLE 
estimator, a new estimator namely, Stochastic Restricted 
Liu-Type Logistic Estimator (SRLTLE) is proposed in this 
research. Rest of the paper contains model specification 
and estimators, the proposed Stochastic Restricted Liu-
Type Logistic Estimator (SRLTLE) and it’s stochastic 
properties, Scalar Mean square error comparisons, Monte 
Carlo simulation study and a numerical example to discuss 
the performance of the new estimator, and finally some 
concluding remarks.     
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METHODOLOGY 

Model Specification and estimators

Consider the general logistic regression model 

(1)

which follows Bernoulli distribution with parameter iπ  as 

	 (2)

where ix  is the ith row of X , which is an pn´  data matrix 
with p  explanatory variables and β  is a 1´p  vector 
of coefficients, iε’s are independent with mean zero and 
variance )(1 ii ππ −  of the response iy . The Maximum 
likelihood estimate (MLE) of β  can be obtained as follows: 

	 (3)

 

where XQXC ˆ= ′ ; Z  is the column vector with ith element 
equals 

)ˆ(1ˆ
ˆ

)ˆ(
ii

ii
i

ylogit
ππ
ππ
−
−

+  and )]ˆ(1ˆ[=ˆ
iidiagQ ππ − . Note 

that MLEβ̂  is an unbiased estimate of β  and its covariance 
matrix is 

(4)
 

The MSE and SMSE of MLEβ̂  are 

	 (5)

	           

 and 

	 (6)

Since C  is  a  positive  definite  matrix there exists an 
orthogonal  matrix Γ  such that ),...,,(== 21 pdiagC lll∆ΓΓ′
, where 0>...21 plll ≥≥≥  are the ordered eigen values 
of C . Then 

	

The maximum likelihood is the preferred estimation 
technique to estimate the parameters in logistic regression. 
However, the variance of MLE becomes inflated when the 
multicollinearity is present. As stated in the introduction, 
under the first type of estimators, the Logistic Ridge 
Estimator (LRE) (Schaefer et al., 1984), Logistic Liu 
estimator (LLE) ( Mansson et al., 2012) and Liu Type 
Logistic Estimator (LTLE) (Inan and Erdogan, 2013) are 
defined as below.

(7)
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(9)

As an alternative technique to stabilize the variance of 
the estimator due to multicollinearity, one can use prior 
information, if available, in addition to the sample model 
(1) either as exact linear restrictions or stochastic linear 
restrictions. 

Suppose that the following stochastic linear prior 
information is given in addition to the general logistic 
regression model (1). 

(10)

 where h  is an (q´1) stochastic known vector, H  is a 
)( pq´  matrix of full rank (q ≤ p) with  known elements 

and υ  is an  (q´1) random vector of disturbances with mean 
0 and dispersion matrix Ψ , which is assumed to be known 

)( qq´  positive definite matrix. Further, it is assumed that 
υ  is stochastically independent of ε , i.e) 0=)( υε ′E .

In the presence of exact linear restrictions on regression 
coefficients ( 0=υ  in (10)) in addition to the logistic 
regression model (1) (second type), Duffy and Santner 
(1989) proposed the following Restricted Maximum 
Likelihood Estimator (RMLE). 

(11)

Later, following Duffy and Santner (1989), Restricted 
Logistic Liu estimator (RLLE) by Siray et al, (2015), 
Restricted Logistic Ridge Estimator (RLRE) by Asar et al. 
(2016), Restricted Liu-Type Logistic Estimator (RLTLE) 
by Asar et al. (2016) were proposed in the presence of 
exact linear restrictions in addition to sample model (1). 
These estimators are defined as 

(12)

	 (13)

             

  (14)

 When the linear restrictions are stochastic as in (10) in 
addition to the logistic regression model (1) ( Third type), 
Nagarajah and Wijekoon (2015) proposed the Stochastic 
Restricted Maximum Likelihood Estimator (SRMLE). 

		  (15)
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 The asymptotic properties of SRMLE: 

	 (16)

      

	 (17)

	           

and 

		  (18)

The MSE and the SMSE of SRMLE are 

(19)

	            

 and 

(20)

	             

where 0≥jjw  is the j th diagonal element of the matrix 
ΓΓ′W  such that Γ  is the matrix whose columns are 

composed by the eigenvectors of the matrix C . (See Asar 
et al. (2016b))

To improve the performance of the SRMLE further, the 
Stochastic Restricted Liu Maximum Likelihood Estimator 
(SRLMLE) and the Stochastic Restricted Ridge Maximum 
Likelihood Estimator (SRRMLE) were introduced by 
Varathan and Wijekoon (2016a, 2016b). The SRLMLE and 
SRRMLE are defined as 

		  (21)

		

(22)

The asymptotic properties of SRLMLE: 

	 (23)

      	 (24)

Consequently, the bias, MSE and SMSE of SRLMLE are 
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The asymptotic properties of SRRMLE: 

	 (28)

      	 (29)

Consequently, The bias, MSE and SMSE of SRRMLE are 

(30)

(31)

and 	

(32)

	                          

	                         

               

where jα  is the j th element of .1,...,=, pjβΓ′

RESULTS AND DISCUSSION 

The New Proposed Estimator

Generally, the estimators based on stochastic linear 
restrictions perform better than the estimators based on 
exact linear restrictions. Also the estimators based on two 
shrinkage parameters  k and d  improve the performance 
of the estimators. The estimator based on two shrinkage 
parameters   k and d  for exact liner restrictions is available 
in the literature (Asar et al., 2016). Hence, in this research, 
we propose a new two parameter Liu-Type estimator 
under stochastic linear restriction case, which is named 
as Stochastic Restricted Liu-Type Logistic Estimator 
(SRLTLE) and defined as 
	 (33)

The asymptotic properties of SRLTLE: 

		  (34)

      	 (35)

Consequently, the bias, MSE and SMSE of SRLTLE 
are 

		  (36)
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Scalar Mean square error comparisons

In this section we compare the performance of the proposed 
estimator SRLTLEβ̂  with MLEβ̂ , SRMLEβ̂ , SRRMLEβ̂ , SRLMLEβ̂   
with respect to the SMSE criterion.

For the estimator β̂  of β , the Mean Square Error (MSE) 
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The Scalar Mean Square Error (SMSE) of the estimator β̂  
can be defined as 
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the new estimator SRLTLE is superior over MLE, SRMLE, 
SRRMLE and SRLMLE with respect to the scalar mean 
square error sense if and only if ∆i≥0 ;i=1,2,3 & 4. Since, 
the nonnegativeness of the terms 1∆ , 2∆ , 3∆ , and 4∆  
cannot be easily examined, we compare the performances 
of these estimators by using a simulation study in the next 
section. 

A Simulation study

To illustrate the performance of the proposed estimator 
with the existing estimators MLE, SRMLE, SRRMLE and 
SRLMLE, we perform a Monte Carlo simulation study 
by considering different levels of multicollinearity. The 
Scalar Mean Square Error (SMSE) criteria is used for the 
comparison. Following McDonald and Galarneau (1975) 
and Kibria (2003), we generate the explanatory variables 
as follows: 

		  (42)

where zj’s are independent standard normal pseudo- 
random numbers and ρ  is specified so that the theoretical 
correlation between any two explanatory variables is given 
by 2ρ . Four explanatory variables are generated using (42) 
and three different values of ρ  corresponding to 0.80, 
0.90, and 0.99 are considered. Further in this study, the 
large and small sample sizes n=50 and n=15 are considered. 
The dependent variable iy  in (1) is obtained from the 
Bernoulli( iπ ) distribution where 
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The parameter values of pβββ ,...,, 21  are chosen so 
that 1=2

1= j
p

j
β∑  and pβββ =...== 21 . Following Asar et 

al. (2016), Wu and Asar (2015) and Mansson et al. (2012), 
the optimum values of the biasing parameters k , and d  
can be obtained by minimizing SMSE values with respect 
to k , and d . However, for simplicity in this paper we select 
some values of k , d  in the range 1<,<0 dk . Moreover, 
we consider the following stochastic restrictions. 

		

(43)

The simulation is repeated 1000 times by generating 
new pseudo- random numbers and the simulated SMSE 
values of the estimators are obtained using the following 
equation. 

	

	 (44)

 where rβ̂  is any estimator considered in the rth 

simulation. The results of the simulation study are 
displayed in Tables A1 - A6 (Appendix), and it can be 
revealed that in general, when increasing the correlation 
between two explanatory variables the estimated SMSE of 

all the estimators inflates. For the sample size n=50 (Tables 
A1- A3 in Appendix) , it is observed that the proposed 
estimator SRLTLE performed well compared to all the 
other estimators MLE, SRMLE, SRRMLE and SRLMLE, 
with respect to almost all the values of k , and d  in the 
range 0.90.4 ≤≤ d  when ρ  = 0.8, 0.9; 0.90.3 ≤≤ d  
when ρ  = 0.99. Further, it can be noticed that, for small 

dk,  values, SRLMLE performed better than the other 
estimators with respect to all the values of ρ . Such as 
(i) for 0.1=d  & 0.70.1 ≤≤ k ; 0.2=d  & 0.40.1 ≤≤ k
; 0.3=d  & 0.20.1 ≤≤ k  when ρ  = 0.8, (ii) for 0.1=d  
& 0.60.1 ≤≤ k  ; 0.2=d  & 0.30.1 ≤≤ k ; 0.3=d  & 

0.1=k  when ρ  = 0.9, and (iii) for 0.1=d  & 0.50.1 ≤≤ k  ; 
0.2=d  & 0.20.1 ≤≤ k  when ρ  = 0.99. However, for the 

small sample size n=15 (Tables A4-A6 in Appendix), the 
proposed estimator SRLTLE performed well compared to 
other estimators when 0.90.3 ≤≤ d and 0.90.1 ≤≤ k  for 
all ρ = 0.8, 0.9, & 0.99.  Further, as observed in the large 
sample case, for small dk,  values, SRLMLE performed 
better compared to other estimators with respect to all the 
values of ρ . Such as (i) for 0.1=d  & 0.60.1 ≤≤ k ; 

0.2=d  & 0.30.1 ≤≤ k ; when ρ  = 0.8, (ii) for 0.1=d  
& 0.50.1 ≤≤ k  ; 0.2=d  & 0.20.1 ≤≤ k ; when ρ  = 0.9 
and ρ =0.99. Moreover, MLE has the worst performance 
in all of the cases (having the largest SMSE values).  

Numerical example

 In order to observe the performance of the new estimator 
SRLTLE, we used a real data set, which was taken from 
the Statistics Sweden website (http://www.scb.se/). This 
example was used in Mansson et al.(2012), Asar and 
Genc (2016), Wu and Asar (2016), and Varathan and 
Wijekoon (2016b) to illustrate results of their papers. The 
data consists the information about 100 municipalities of 
Sweden. The explanatory variables considered in this study 
are Population ( 1x ), Number unemployed people ( 2x ), 
Number of newly constructed buildings ( 3x ), and Number 
of bankrupt firms ( 4x ). The variable Net population change 
( y ) is considered as response variable, which is defined as 

	

The pairwise correlations of the explanatory variables 
1x , 2x , 3x  and 4x  are very high (greater than 0.95). The 

corresponding VIF values for the data are 488.17, 344.26, 
44.99, and 50.71 which measure how much the variance 
of the estimated regression coefficients are inflated as 
compared to when the predictor variables are not linearly 
related. According to the literature multicollinearity is high 
if VIF >  10. Hence a clear high multicollinearity exists 
in this data set. Further, the condition number being a 
measure of multicollinearity is obtained as 188 showing 
that there exists severe multicollinearity with this data set. 
Moreover, we use the same restrictions as in (43) for the 
prior information.

The SMSE values of MLE, SRMLE, SRRMLE, 
SRLMLE, and SRLTLE for some selected values of 
biasing parameters dk,  in the range 1<,<0 dk  are given 
in Table A7 in Appendix.
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It can be clearly noticed from Table A7 that the 
proposed estimator SRLTLE outperforms the estimators 
MLE, SRMLE, SRRMLE, and SRLMLE in the SMSE 
sense, with respect to the values of dk,  in the range 

0.90.5 ≤≤ d  and 0.90.1 ≤≤ k . Moreover, for small 
values of dk, , the estimator SRLMLE performs better 
compared to other estimators considered in this research. 

CONCLUSIONS

In this research, we proposed the Stochastic Restricted Liu-
Type Logistic Estimator (SRLTLE) for logistic regression 
model in the presence of linear stochastic restriction when 
the multicollinearity problem exists. The conditions for 
superiority of the proposed estimator over some existing 
estimators were derived with respect to SMSE criterion. 
Moreover, the performance of the proposed estimator 
SRLTLE over MLE, SRMLE, SRRMLE and SRLMLE 
were analyzed by conducting a Monte Carlo simulation 
study and a numerical example. It can be stated that, in 
the presence of multicollinearity, the proposed estimator is 
a better alternative to the other existing estimators under 
certain conditions. 
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APPENDIX
Table A1: The estimated MSE values for different k, d  when n=50 , and 0.80=ρ

k = 0.1 k = 0.2 k = 0.3 k = 0.4 k = 0.5 k = 0.6 k = 0.7 k = 0.8 k = 0.9
d=0.1 MLE 1.2294 1.2294 1.2294 1.2294 1.2294 1.2294 1.2294 1.2294 1.2294

SRMLE 0.7659 0.7659 0.7659 0.7659 0.7659 0.7659 0.7659 0.7659 0.7659
SRRMLE 0.7128 0.6661 0.6248 0.5880 0.5551 0.5256 0.4990 0.4749 0.4531
SRLMLE 0.4606 0.4606 0.4606 0.4606 0.4606 0.4606 0.4606 0.4606 0.4606
SRLTLE 0.6622 0.6196 0.5819 0.5484 0.5184 0.4914 0.4671 0.4452 0.4253

d=0.2 MLE 1.2294 1.2294 1.2294 1.2294 1.2294 1.2294 1.2294 1.2294 1.2294
SRMLE 0.7659 0.7659 0.7659 0.7659 0.7659 0.7659 0.7659 0.7659 0.7659
SRRMLE 0.7128 0.6661 0.6248 0.5880 0.5551 0.5256 0.4990 0.4749 0.4531
SRLMLE 0.4893 0.4893 0.4893 0.4893 0.4893 0.4893 0.4893 0.4893 0.4893
SRLTLE 0.6140 0.5754 0.5412 0.5107 0.4834 0.4589 0.4369 0.4169 0.3989

d=0.3 MLE 1.2294 1.2294 1.2294 1.2294 1.2294 1.2294 1.2294 1.2294 1.2294
SRMLE 0.7659 0.7659 0.7659 0.7659 0.7659 0.7659 0.7659 0.7659 0.7659
SRRMLE 0.7128 0.6661 0.6248 0.5880 0.5551 0.5256 0.4990 0.4749 0.4531
SRLMLE 0.5193 0.5193 0.5193 0.5193 0.5193 0.5193 0.5193 0.5193 0.5193
SRLTLE 0.5683 0.5334 0.5025 0.4749 0.4503 0.4281 0.4082 0.3902 0.3739

d=0.4 MLE 1.2294 1.2294 1.2294 1.2294 1.2294 1.2294 1.2294 1.2294 1.2294
SRMLE 0.7659 0.7659 0.7659 0.7659 0.7659 0.7659 0.7659 0.7659 0.7659
SRRMLE 0.7128 0.6661 0.6248 0.5880 0.5551 0.5256 0.4990 0.4749 0.4531
SRLMLE 0.5506 0.5506 0.5506 0.5506 0.5506 0.5506 0.5506 0.5506 0.5506
SRLTLE 0.5251 0.4937 0.4659 0.4411 0.4189 0.3990 0.3811 0.3649 0.3502

d=0.5 MLE 1.2294 1.2294 1.2294 1.2294 1.2294 1.2294 1.2294 1.2294 1.2294
SRMLE 0.7659 0.7659 0.7659 0.7659 0.7659 0.7659 0.7659 0.7659 0.7659
SRRMLE 0.7128 0.6661 0.6248 0.5880 0.5551 0.5256 0.4990 0.4749 0.4531
SRLMLE 0.5832 0.5832 0.5832 0.5832 0.5832 0.5832 0.5832 0.5832 0.5832
SRLTLE 0.4844 0.4563 0.4314 0.4093 0.3894 0.3716 0.3556 0.3411 0.3280

d=0.6 MLE 1.2294 1.2294 1.2294 1.2294 1.2294 1.2294 1.2294 1.2294 1.2294
SRMLE 0.7659 0.7659 0.7659 0.7659 0.7659 0.7659 0.7659 0.7659 0.7659
SRRMLE 0.7128 0.6661 0.6248 0.5880 0.5551 0.5256 0.4990 0.4749 0.4531
SRLMLE 0.6171 0.6171 0.6171 0.6171 0.6171 0.6171 0.6171 0.6171 0.6171
SRLTLE 0.4461 0.4212 0.3990 0.3793 0.3617 0.3459 0.3316 0.3187 0.3071

d=0.7 MLE 1.2294 1.2294 1.2294 1.2294 1.2294 1.2294 1.2294 1.2294 1.2294
SRMLE 0.7659 0.7659 0.7659 0.7659 0.7659 0.7659 0.7659 0.7659 0.7659
SRRMLE 0.7128 0.6661 0.6248 0.5880 0.5551 0.5256 0.4990 0.4749 0.4531
SRLMLE 0.6524 0.6524 0.6524 0.6524 0.6524 0.6524 0.6524 0.6524 0.6524
SRLTLE 0.4103 0.3883 0.3688 0.3513 0.3358 0.3218 0.3092 0.2979 0.2877

d=0.8 MLE 1.2294 1.2294 1.2294 1.2294 1.2294 1.2294 1.2294 1.2294 1.2294
SRMLE 0.7659 0.7659 0.7659 0.7659 0.7659 0.7659 0.7659 0.7659 0.7659
SRRMLE 0.7128 0.6661 0.6248 0.5880 0.5551 0.5256 0.4990 0.4749 0.4531
SRLMLE 0.6889 0.6889 0.6889 0.6889 0.6889 0.6889 0.6889 0.6889 0.6889
SRLTLE 0.3770 0.3577 0.3406 0.3253 0.3116 0.2994 0.2884 0.2785 0.2696

d=0.9 MLE 1.2294 1.2294 1.2294 1.2294 1.2294 1.2294 1.2294 1.2294 1.2294
SRMLE 0.7659 0.7659 0.7659 0.7659 0.7659 0.7659 0.7659 0.7659 0.7659
SRRMLE 0.7128 0.6661 0.6248 0.5880 0.5551 0.5256 0.4990 0.4749 0.4531
SRLMLE 0.7268 0.7268 0.7268 0.7268 0.7268 0.7268 0.7268 0.7268 0.7268
SRLTLE 0.3461 0.3294 0.3145 0.3012 0.2893 0.2787 0.2692 0.2606 0.2529

27



Ceylon Journal of Science 47(1) 2018:21-34

Table A2: The estimated MSE values for different k, d when n=50, and 0.90=ρ

k = 0.1 k = 0.2 k = 0.3 k = 0.4 k = 0.5 k = 0.6 k = 0.7 k = 0.8 k = 0.9
d=0.1 MLE 2.3533 2.3533 2.3533 2.3533 2.3533 2.3533 2.3533 2.3533 2.3533

SRMLE 1.0947 1.0947 1.0947 1.0947 1.0947 1.0947 1.0947 1.0947 1.0947
SRRMLE 0.9511 0.8380 0.7467 0.6718 0.6094 0.5568 0.5120 0.4735 0.4402
SRLMLE 0.4613 0.4613 0.4613 0.4613 0.4613 0.4613 0.4613 0.4613 0.4613
SRLTLE 0.8197 0.7250 0.6485 0.5855 0.5329 0.4884 0.4506 0.4180 0.3898

d=0.2 MLE 2.3533 2.3533 2.3533 2.3533 2.3533 2.3533 2.3533 2.3533 2.3533
SRMLE 1.0947 1.0947 1.0947 1.0947 1.0947 1.0947 1.0947 1.0947 1.0947
SRRMLE 0.9511 0.8380 0.7467 0.6718 0.6094 0.5568 0.5120 0.4735 0.4402
SRLMLE 0.5154 0.5154 0.5154 0.5154 0.5154 0.5154 0.5154 0.5154 0.5154
SRLTLE 0.7004 0.6224 0.5591 0.5068 0.4631 0.4261 0.3945 0.3673 0.3437

d=0.3 MLE 2.3533 2.3533 2.3533 2.3533 2.3533 2.3533 2.3533 2.3533 2.3533
SRMLE 1.0947 1.0947 1.0947 1.0947 1.0947 1.0947 1.0947 1.0947 1.0947
SRRMLE 0.9511 0.8380 0.7467 0.6718 0.6094 0.5568 0.5120 0.4735 0.4402
SRLMLE 0.5736 0.5736 0.5736 0.5736 0.5736 0.5736 0.5736 0.5736 0.5736
SRLTLE 0.5932 0.5301 0.4786 0.4360 0.4002 0.3698 0.3439 0.3215 0.3022

d=0.4 MLE 2.3533 2.3533 2.3533 2.3533 2.3533 2.3533 2.3533 2.3533 2.3533
SRMLE 1.0947 1.0947 1.0947 1.0947 1.0947 1.0947 1.0947 1.0947 1.0947
SRRMLE 0.9511 0.8380 0.7467 0.6718 0.6094 0.5568 0.5120 0.4735 0.4402
SRLMLE 0.6359 0.6359 0.6359 0.6359 0.6359 0.6359 0.6359 0.6359 0.6359
SRLTLE 0.4982 0.4481 0.4070 0.3728 0.3441 0.3196 0.2987 0.2807 0.2650

d=0.5 MLE 2.3533 2.3533 2.3533 2.3533 2.3533 2.3533 2.3533 2.3533 2.3533
SRMLE 1.0947 1.0947 1.0947 1.0947 1.0947 1.0947 1.0947 1.0947 1.0947
SRRMLE 0.9511 0.8380 0.7467 0.6718 0.6094 0.5568 0.5120 0.4735 0.4402
SRLMLE 0.7022 0.7022 0.7022 0.7022 0.7022 0.7022 0.7022 0.7022 0.7022
SRLTLE 0.4153 0.3764 0.3443 0.3174 0.2948 0.2755 0.2590 0.2447 0.2324

d=0.6 MLE 2.3533 2.3533 2.3533 2.3533 2.3533 2.3533 2.3533 2.3533 2.3533
SRMLE 1.0947 1.0947 1.0947 1.0947 1.0947 1.0947 1.0947 1.0947 1.0947
SRRMLE 0.9511 0.8380 0.7467 0.6718 0.6094 0.5568 0.5120 0.4735 0.4402
SRLMLE 0.7726 0.7726 0.7726 0.7726 0.7726 0.7726 0.7726 0.7726 0.7726
SRLTLE 0.3446 0.3150 0.2904 0.2698 0.2523 0.2374 0.2247 0.2137 0.2042

d=0.7 MLE 2.3533 2.3533 2.3533 2.3533 2.3533 2.3533 2.3533 2.3533 2.3533
SRMLE 1.0947 1.0947 1.0947 1.0947 1.0947 1.0947 1.0947 1.0947 1.0947
SRRMLE 0.9511 0.8380 0.7467 0.6718 0.6094 0.5568 0.5120 0.4735 0.4402
SRLMLE 0.8470 0.8470 0.8470 0.8470 0.8470 0.8470 0.8470 0.8470 0.8470
SRLTLE 0.2860 0.2638 0.2454 0.2299 0.2167 0.2055 0.1958 0.1875 0.1804

d=0.8 MLE 2.3533 2.3533 2.3533 2.3533 2.3533 2.3533 2.3533 2.3533 2.3533
SRMLE 1.0947 1.0947 1.0947 1.0947 1.0947 1.0947 1.0947 1.0947 1.0947
SRRMLE 0.9511 0.8380 0.7467 0.6718 0.6094 0.5568 0.5120 0.4735 0.4402
SRLMLE 0.9255 0.9255 0.9255 0.9255 0.9255 0.9255 0.9255 0.9255 0.9255
SRLTLE 0.2395 0.2230 0.2093 0.1977 0.1879 0.1795 0.1724 0.1663 0.1611

d=0.9 MLE 2.3533 2.3533 2.3533 2.3533 2.3533 2.3533 2.3533 2.3533 2.3533
SRMLE 1.0947 1.0947 1.0947 1.0947 1.0947 1.0947 1.0947 1.0947 1.0947
SRRMLE 0.9511 0.8380 0.7467 0.6718 0.6094 0.5568 0.5120 0.4735 0.4402
SRLMLE 1.0081 1.0081 1.0081 1.0081 1.0081 1.0081 1.0081 1.0081 1.0081
SRLTLE 0.2052 0.1925 0.1820 0.1732 0.1659 0.1597 0.1544 0.1500 0.1462
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Table A3: The estimated MSE values for different dk,  when n=50, and 0.99=ρ

k = 0.1 k = 0.2 k = 0.3 k = 0.4 k = 0.5 k = 0.6 k = 0.7 k = 0.8 k = 0.9
d=0.1 MLE 4.6140 4.6140 4.6140 4.6140 4.6140 4.6140 4.6140 4.6140 4.6140

SRMLE 1.4696 1.4696 1.4696 1.4696 1.4696 1.4696 1.4696 1.4696 1.4696
SRRMLE 1.1236 0.8985 0.7417 0.6274 0.5410 0.4739 0.4207 0.3778 0.3427
SRLMLE 0.3835 0.3835 0.3835 0.3835 0.3835 0.3835 0.3835 0.3835 0.3835
SRLTLE 0.8319 0.6741 0.5629 0.4812 0.4190 0.3705 0.3319 0.3006 0.2750

d=0.2 MLE 4.6140 4.6140 4.6140 4.6140 4.6140 4.6140 4.6140 4.6140 4.6140
SRMLE 1.4696 1.4696 1.4696 1.4696 1.4696 1.4696 1.4696 1.4696 1.4696
SRRMLE 1.1236 0.8985 0.7417 0.6274 0.5410 0.4739 0.4207 0.3778 0.3427
SRLMLE 0.4636 0.4636 0.4636 0.4636 0.4636 0.4636 0.4636 0.4636 0.4636
SRLTLE 0.5946 0.4905 0.4161 0.3607 0.3182 0.2849 0.2583 0.2366 0.2189

d=0.3 MLE 4.6140 4.6140 4.6140 4.6140 4.6140 4.6140 4.6140 4.6140 4.6140
SRMLE 1.4696 1.4696 1.4696 1.4696 1.4696 1.4696 1.4696 1.4696 1.4696
SRRMLE 1.1236 0.8985 0.7417 0.6274 0.5410 0.4739 0.4207 0.3778 0.3427
SRLMLE 0.5538 0.5538 0.5538 0.5538 0.5538 0.5538 0.5538 0.5538 0.5538
SRLTLE 0.4116 0.3477 0.3011 0.2659 0.2387 0.2172 0.1999 0.1858 0.1742

d=0.4 MLE 4.6140 4.6140 4.6140 4.6140 4.6140 4.6140 4.6140 4.6140 4.6140
SRMLE 1.4696 1.4696 1.4696 1.4696 1.4696 1.4696 1.4696 1.4696 1.4696
SRRMLE 1.1236 0.8985 0.7417 0.6274 0.5410 0.4739 0.4207 0.3778 0.3427
SRLMLE 0.6542 0.6542 0.6542 0.6542 0.6542 0.6542 0.6542 0.6542 0.6542
SRLTLE 0.2830 0.2457 0.2181 0.1969 0.1804 0.1673 0.1567 0.1482 0.1411

d=0.5 MLE 4.6140 4.6140 4.6140 4.6140 4.6140 4.6140 4.6140 4.6140 4.6140
SRMLE 1.4696 1.4696 1.4696 1.4696 1.4696 1.4696 1.4696 1.4696 1.4696
SRRMLE 1.1236 0.8985 0.7417 0.6274 0.5410 0.4739 0.4207 0.3778 0.3427
SRLMLE 0.7647 0.7647 0.7647 0.7647 0.7647 0.7647 0.7647 0.7647 0.7647
SRLTLE 0.2087 0.1845 0.1669 0.1537 0.1434 0.1353 0.1289 0.1237 0.1195

d=0.6 MLE 4.6140 4.6140 4.6140 4.6140 4.6140 4.6140 4.6140 4.6140 4.6140
SRMLE 1.4696 1.4696 1.4696 1.4696 1.4696 1.4696 1.4696 1.4696 1.4696
SRRMLE 1.1236 0.8985 0.7417 0.6274 0.5410 0.4739 0.4207 0.3778 0.3427
SRLMLE 0.8854 0.8854 0.8854 0.8854 0.8854 0.8854 0.8854 0.8854 0.8854
SRLTLE 0.1887 0.1641 0.1477 0.1361 0.1276 0.1212 0.1162 0.1124 0.1094

d=0.7 MLE 4.6140 4.6140 4.6140 4.6140 4.6140 4.6140 4.6140 4.6140 4.6140
SRMLE 1.4696 1.4696 1.4696 1.4696 1.4696 1.4696 1.4696 1.4696 1.4696
SRRMLE 1.1236 0.8985 0.7417 0.6274 0.5410 0.4739 0.4207 0.3778 0.3427
SRLMLE 1.0162 1.0162 1.0162 1.0162 1.0162 1.0162 1.0162 1.0162 1.0162
SRLTLE 0.2230 0.1844 0.1604 0.1443 0.1331 0.1249 0.1188 0.1142 0.1108

d=0.8 MLE 4.6140 4.6140 4.6140 4.6140 4.6140 4.6140 4.6140 4.6140 4.6140
SRMLE 1.4696 1.4696 1.4696 1.4696 1.4696 1.4696 1.4696 1.4696 1.4696
SRRMLE 1.1236 0.8985 0.7417 0.6274 0.5410 0.4739 0.4207 0.3778 0.3427
SRLMLE 1.1572 1.1572 1.1572 1.1572 1.1572 1.1572 1.1572 1.1572 1.1572
SRLTLE 0.3117 0.2456 0.2050 0.1783 0.1598 0.1464 0.1366 0.1293 0.1237

d=0.9 MLE 4.6140 4.6140 4.6140 4.6140 4.6140 4.6140 4.6140 4.6140 4.6140
SRMLE 1.4696 1.4696 1.4696 1.4696 1.4696 1.4696 1.4696 1.4696 1.4696
SRRMLE 1.1236 0.8985 0.7417 0.6274 0.5410 0.4739 0.4207 0.3778 0.3427
SRLMLE 1.3083 1.3083 1.3083 1.3083 1.3083 1.3083 1.3083 1.3083 1.3083
SRLTLE 0.4548 0.3475 0.2815 0.2380 0.2077 0.1859 0.1697 0.1575 0.1481
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Table A4: The estimated MSE values for different k, d when n=15, and 0.80=ρ

k = 0.1 k = 0.2 k = 0.3 k = 0.4 k = 0.5 k = 0.6 k = 0.7 k = 0.8 k = 0.9
d=0.1 MLE 2.8028 2.8028 2.8028 2.8028 2.8028 2.8028 2.8028 2.8028 2.8028

SRMLE 1.2377 1.2377 1.2377 1.2377 1.2377 1.2377 1.2377 1.2377 1.2377
SRRMLE 1.0567 0.9226 0.8191 0.7369 0.6701 0.6151 0.5692 0.5305 0.4975
SRLMLE 0.5212 0.5212 0.5212 0.5212 0.5212 0.5212 0.5212 0.5212 0.5212
SRLTLE 0.8961 0.7897 0.7067 0.6404 0.5864 0.5417 0.5043 0.4728 0.4460

d=0.2 MLE 2.8028 2.8028 2.8028 2.8028 2.8028 2.8028 2.8028 2.8028 2.8028
SRMLE 1.2377 1.2377 1.2377 1.2377 1.2377 1.2377 1.2377 1.2377 1.2377
SRRMLE 1.0567 0.9226 0.8191 0.7369 0.6701 0.6151 0.5692 0.5305 0.4975
SRLMLE 0.5786 0.5786 0.5786 0.5786 0.5786 0.5786 0.5786 0.5786 0.5786
SRLTLE 0.7557 0.6731 0.6080 0.5555 0.5126 0.4770 0.4471 0.4219 0.4005

d=0.3 MLE 2.8028 2.8028 2.8028 2.8028 2.8028 2.8028 2.8028 2.8028 2.8028
SRMLE 1.2377 1.2377 1.2377 1.2377 1.2377 1.2377 1.2377 1.2377 1.2377
SRRMLE 1.0567 0.9226 0.8191 0.7369 0.6701 0.6151 0.5692 0.5305 0.4975
SRLMLE 0.6415 0.6415 0.6415 0.6415 0.6415 0.6415 0.6415 0.6415 0.6415
SRLTLE 0.6358 0.5728 0.5228 0.4821 0.4487 0.4209 0.3976 0.3779 0.3613

d=0.4 MLE 2.8028 2.8028 2.8028 2.8028 2.8028 2.8028 2.8028 2.8028 2.8028
SRMLE 1.2377 1.2377 1.2377 1.2377 1.2377 1.2377 1.2377 1.2377 1.2377
SRRMLE 1.0567 0.9226 0.8191 0.7369 0.6701 0.6151 0.5692 0.5305 0.4975
SRLMLE 0.7100 0.7100 0.7100 0.7100 0.7100 0.7100 0.7100 0.7100 0.7100
SRLTLE 0.5361 0.4890 0.4512 0.4202 0.3947 0.3735 0.3557 0.3407 0.3281

d=0.5 MLE 2.8028 2.8028 2.8028 2.8028 2.8028 2.8028 2.8028 2.8028 2.8028
SRMLE 1.2377 1.2377 1.2377 1.2377 1.2377 1.2377 1.2377 1.2377 1.2377
SRRMLE 1.0567 0.9226 0.8191 0.7369 0.6701 0.6151 0.5692 0.5305 0.4975
SRLMLE 0.7841 0.7841 0.7841 0.7841 0.7841 0.7841 0.7841 0.7841 0.7841
SRLTLE 0.4567 0.4215 0.3931 0.3699 0.3507 0.3348 0.3215 0.3104 0.3011

d=0.6 MLE 2.8028 2.8028 2.8028 2.8028 2.8028 2.8028 2.8028 2.8028 2.8028
SRMLE 1.2377 1.2377 1.2377 1.2377 1.2377 1.2377 1.2377 1.2377 1.2377
SRRMLE 1.0567 0.9226 0.8191 0.7369 0.6701 0.6151 0.5692 0.5305 0.4975
SRLMLE 0.8637 0.8637 0.8637 0.8637 0.8637 0.8637 0.8637 0.8637 0.8637
SRLTLE 0.3977 0.3704 0.3487 0.3310 0.3166 0.3047 0.2949 0.2868 0.2802

d=0.7 MLE 2.8028 2.8028 2.8028 2.8028 2.8028 2.8028 2.8028 2.8028 2.8028
SRMLE 1.2377 1.2377 1.2377 1.2377 1.2377 1.2377 1.2377 1.2377 1.2377
SRRMLE 1.0567 0.9226 0.8191 0.7369 0.6701 0.6151 0.5692 0.5305 0.4975
SRLMLE 0.9489 0.9489 0.9489 0.9489 0.9489 0.9489 0.9489 0.9489 0.9489
SRLTLE 0.3591 0.3357 0.3178 0.3037 0.2924 0.2833 0.2760 0.2701 0.2655

d=0.8 MLE 2.8028 2.8028 2.8028 2.8028 2.8028 2.8028 2.8028 2.8028 2.8028
SRMLE 1.2377 1.2377 1.2377 1.2377 1.2377 1.2377 1.2377 1.2377 1.2377
SRRMLE 1.0567 0.9226 0.8191 0.7369 0.6701 0.6151 0.5692 0.5305 0.4975
SRLMLE 1.0396 1.0396 1.0396 1.0396 1.0396 1.0396 1.0396 1.0396 1.0396
SRLTLE 0.3407 0.3174 0.3005 0.2879 0.2781 0.2706 0.2647 0.2602 0.2569

d=0.9 MLE 2.8028 2.8028 2.8028 2.8028 2.8028 2.8028 2.8028 2.8028 2.8028
SRMLE 1.2377 1.2377 1.2377 1.2377 1.2377 1.2377 1.2377 1.2377 1.2377
SRRMLE 1.0567 0.9226 0.8191 0.7369 0.6701 0.6151 0.5692 0.5305 0.4975
SRLMLE 1.1359 1.1359 1.1359 1.1359 1.1359 1.1359 1.1359 1.1359 1.1359
SRLTLE 0.3427 0.3154 0.2969 0.2836 0.2738 0.2665 0.2611 0.2572 0.2544
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Table A5: The estimated MSE values for different k, d when n=15 and 0.90=ρ

k = 0.1 k = 0.2 k = 0.3 k = 0.4 k = 0.5 k = 0.6 k = 0.7 k = 0.8 k = 0.9
d=0.1 MLE 5.4040 5.4040 5.4040 5.4040 5.4040 5.4040 5.4040 5.4040 5.4040

SRMLE 1.5980 1.5980 1.5980 1.5980 1.5980 1.5980 1.5980 1.5980 1.5980
SRRMLE 1.1930 0.9509 0.7895 0.6747 0.5894 0.5240 0.4727 0.4317 0.3984
SRLMLE 0.4402 0.4402 0.4402 0.4402 0.4402 0.4402 0.4402 0.4402 0.4402
SRLTLE 0.8680 0.7111 0.6034 0.5254 0.4666 0.4212 0.3853 0.3565 0.3331

d=0.2 MLE 5.4040 5.4040 5.4040 5.4040 5.4040 5.4040 5.4040 5.4040 5.4040
SRMLE 1.5980 1.5980 1.5980 1.5980 1.5980 1.5980 1.5980 1.5980 1.5980
SRRMLE 1.1930 0.9509 0.7895 0.6747 0.5894 0.5240 0.4727 0.4317 0.3984
SRLMLE 0.5212 0.5212 0.5212 0.5212 0.5212 0.5212 0.5212 0.5212 0.5212
SRLTLE 0.6230 0.5271 0.4591 0.4087 0.3701 0.3400 0.3162 0.2970 0.2815

d=0.3 MLE 5.4040 5.4040 5.4040 5.4040 5.4040 5.4040 5.4040 5.4040 5.4040
SRMLE 1.5980 1.5980 1.5980 1.5980 1.5980 1.5980 1.5980 1.5980 1.5980
SRRMLE 1.1930 0.9509 0.7895 0.6747 0.5894 0.5240 0.4727 0.4317 0.3984
SRLMLE 0.6140 0.6140 0.6140 0.6140 0.6140 0.6140 0.6140 0.6140 0.6140
SRLTLE 0.4580 0.3989 0.3564 0.3245 0.2999 0.2807 0.2654 0.2532 0.2434

d=0.4 MLE 5.4040 5.4040 5.4040 5.4040 5.4040 5.4040 5.4040 5.4040 5.4040
SRMLE 1.5980 1.5980 1.5980 1.5980 1.5980 1.5980 1.5980 1.5980 1.5980
SRRMLE 1.1930 0.9509 0.7895 0.6747 0.5894 0.5240 0.4727 0.4317 0.3984
SRLMLE 0.7188 0.7188 0.7188 0.7188 0.7188 0.7188 0.7188 0.7188 0.7188
SRLTLE 0.3729 0.3266 0.2955 0.2730 0.2561 0.2430 0.2329 0.2250 0.2189

d=0.5 MLE 5.4040 5.4040 5.4040 5.4040 5.4040 5.4040 5.4040 5.4040 5.4040
SRMLE 1.5980 1.5980 1.5980 1.5980 1.5980 1.5980 1.5980 1.5980 1.5980
SRRMLE 1.1930 0.9509 0.7895 0.6747 0.5894 0.5240 0.4727 0.4317 0.3984
SRLMLE 0.8356 0.8356 0.8356 0.8356 0.8356 0.8356 0.8356 0.8356 0.8356
SRLTLE 0.3679 0.3100 0.2763 0.2540 0.2385 0.2272 0.2188 0.2126 0.2080

d=0.6 MLE 5.4040 5.4040 5.4040 5.4040 5.4040 5.4040 5.4040 5.4040 5.4040
SRMLE 1.5980 1.5980 1.5980 1.5980 1.5980 1.5980 1.5980 1.5980 1.5980
SRRMLE 1.1930 0.9509 0.7895 0.6747 0.5894 0.5240 0.4727 0.4317 0.3984
SRLMLE 0.9642 0.9642 0.9642 0.9642 0.9642 0.9642 0.9642 0.9642 0.9642
SRLTLE 0.4429 0.3493 0.2988 0.2677 0.2472 0.2330 0.2230 0.2158 0.2107

d=0.7 MLE 5.4040 5.4040 5.4040 5.4040 5.4040 5.4040 5.4040 5.4040 5.4040
SRMLE 1.5980 1.5980 1.5980 1.5980 1.5980 1.5980 1.5980 1.5980 1.5980
SRRMLE 1.1930 0.9509 0.7895 0.6747 0.5894 0.5240 0.4727 0.4317 0.3984
SRLMLE 1.1048 1.1048 1.1048 1.1048 1.1048 1.1048 1.1048 1.1048 1.1048
SRLTLE 0.5979 0.4444 0.3630 0.3140 0.2822 0.2606 0.2455 0.2348 0.2271

d=0.8 MLE 5.4040 5.4040 5.4040 5.4040 5.4040 5.4040 5.4040 5.4040 5.4040
SRMLE 1.5980 1.5980 1.5980 1.5980 1.5980 1.5980 1.5980 1.5980 1.5980
SRRMLE 1.1930 0.9509 0.7895 0.6747 0.5894 0.5240 0.4727 0.4317 0.3984
SRLMLE 1.2573 1.2573 1.2573 1.2573 1.2573 1.2573 1.2573 1.2573 1.2573
SRLTLE 0.8329 0.5954 0.4689 0.3928 0.3436 0.3100 0.2864 0.2694 0.2570

d=0.9 MLE 5.4040 5.4040 5.4040 5.4040 5.4040 5.4040 5.4040 5.4040 5.4040
SRMLE 1.5980 1.5980 1.5980 1.5980 1.5980 1.5980 1.5980 1.5980 1.5980
SRRMLE 1.1930 0.9509 0.7895 0.6747 0.5894 0.5240 0.4727 0.4317 0.3984
SRLMLE 1.4217 1.4217 1.4217 1.4217 1.4217 1.4217 1.4217 1.4217 1.4217
SRLTLE 1.1479 0.8021 0.6165 0.5043 0.4312 0.3811 0.3456 0.3197 0.3005
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Table A6: The estimated MSE values for different k,d   when n=15, and 0.99=ρ

k = 0.1 k = 0.2 k = 0.3 k = 0.4 k = 0.5 k = 0.6 k = 0.7 k = 0.8 k = 0.9
d=0.1 MLE 5.9845 5.9845 5.9845 5.9845 5.9845 5.9845 5.9845 5.9845 5.9845

SRMLE 1.6533 1.6533 1.6533 1.6533 1.6533 1.6533 1.6533 1.6533 1.6533
SRRMLE 1.2007 0.9412 0.7727 0.6550 0.5689 0.5037 0.4530 0.4128 0.3805
SRLMLE 0.4248 0.4248 0.4248 0.4248 0.4248 0.4248 0.4248 0.4248 0.4248
SRLTLE 0.8453 0.6844 0.5764 0.4993 0.4420 0.3981 0.3638 0.3365 0.3145

d=0.2 MLE 5.9845 5.9845 5.9845 5.9845 5.9845 5.9845 5.9845 5.9845 5.9845
SRMLE 1.6533 1.6533 1.6533 1.6533 1.6533 1.6533 1.6533 1.6533 1.6533
SRRMLE 1.2007 0.9412 0.7727 0.6550 0.5689 0.5037 0.4530 0.4128 0.3805
SRLMLE 0.5086 0.5086 0.5086 0.5086 0.5086 0.5086 0.5086 0.5086 0.5086
SRLTLE 0.5873 0.4939 0.4287 0.3810 0.3450 0.3171 0.2952 0.2777 0.2637

d=0.3 MLE 5.9845 5.9845 5.9845 5.9845 5.9845 5.9845 5.9845 5.9845 5.9845
SRMLE 1.6533 1.6533 1.6533 1.6533 1.6533 1.6533 1.6533 1.6533 1.6533
SRRMLE 1.2007 0.9412 0.7727 0.6550 0.5689 0.5037 0.4530 0.4128 0.3805
SRLMLE 0.6055 0.6055 0.6055 0.6055 0.6055 0.6055 0.6055 0.6055 0.6055
SRLTLE 0.4265 0.3695 0.3296 0.3003 0.2780 0.2607 0.2471 0.2365 0.2280

d=0.4 MLE 5.9845 5.9845 5.9845 5.9845 5.9845 5.9845 5.9845 5.9845 5.9845
SRMLE 1.6533 1.6533 1.6533 1.6533 1.6533 1.6533 1.6533 1.6533 1.6533
SRRMLE 1.2007 0.9412 0.7727 0.6550 0.5689 0.5037 0.4530 0.4128 0.3805
SRLMLE 0.7157 0.7157 0.7157 0.7157 0.7157 0.7157 0.7157 0.7157 0.7157
SRLTLE 0.3630 0.3113 0.2792 0.2570 0.2409 0.2288 0.2197 0.2127 0.2074

d=0.5 MLE 5.9845 5.9845 5.9845 5.9845 5.9845 5.9845 5.9845 5.9845 5.9845
SRMLE 1.6533 1.6533 1.6533 1.6533 1.6533 1.6533 1.6533 1.6533 1.6533
SRRMLE 1.2007 0.9412 0.7727 0.6550 0.5689 0.5037 0.4530 0.4128 0.3805
SRLMLE 0.8390 0.8390 0.8390 0.8390 0.8390 0.8390 0.8390 0.8390 0.8390
SRLTLE 0.3968 0.3193 0.2774 0.2513 0.2338 0.2216 0.2128 0.2064 0.2019

d=0.6 MLE 5.9845 5.9845 5.9845 5.9845 5.9845 5.9845 5.9845 5.9845 5.9845
SRMLE 1.6533 1.6533 1.6533 1.6533 1.6533 1.6533 1.6533 1.6533 1.6533
SRRMLE 1.2007 0.9412 0.7727 0.6550 0.5689 0.5037 0.4530 0.4128 0.3805
SRLMLE 0.9755 0.9755 0.9755 0.9755 0.9755 0.9755 0.9755 0.9755 0.9755
SRLTLE 0.5279 0.3935 0.3242 0.2831 0.2567 0.2389 0.2265 0.2177 0.2114

d=0.7 MLE 5.9845 5.9845 5.9845 5.9845 5.9845 5.9845 5.9845 5.9845 5.9845
SRMLE 1.6533 1.6533 1.6533 1.6533 1.6533 1.6533 1.6533 1.6533 1.6533
SRRMLE 1.2007 0.9412 0.7727 0.6550 0.5689 0.5037 0.4530 0.4128 0.3805
SRLMLE 1.1252 1.1252 1.1252 1.1252 1.1252 1.1252 1.1252 1.1252 1.1252
SRLTLE 0.7563 0.5339 0.4196 0.3525 0.3096 0.2808 0.2607 0.2464 0.2361

d=0.8 MLE 5.9845 5.9845 5.9845 5.9845 5.9845 5.9845 5.9845 5.9845 5.9845
SRMLE 1.6533 1.6533 1.6533 1.6533 1.6533 1.6533 1.6533 1.6533 1.6533
SRRMLE 1.2007 0.9412 0.7727 0.6550 0.5689 0.5037 0.4530 0.4128 0.3805
SRLMLE 1.2880 1.2880 1.2880 1.2880 1.2880 1.2880 1.2880 1.2880 1.2880
SRLTLE 1.0819 0.7405 0.5637 0.4593 0.3924 0.3473 0.3155 0.2927 0.2759

d=0.9 MLE 5.9845 5.9845 5.9845 5.9845 5.9845 5.9845 5.9845 5.9845 5.9845
SRMLE 1.6533 1.6533 1.6533 1.6533 1.6533 1.6533 1.6533 1.6533 1.6533
SRRMLE 1.2007 0.9412 0.7727 0.6550 0.5689 0.5037 0.4530 0.4128 0.3805
SRLMLE 1.4641 1.4641 1.4641 1.4641 1.4641 1.4641 1.4641 1.4641 1.4641
SRLTLE 1.1849 0.9132 0.7564 0.6036 0.5053 0.4383 0.3909 0.3564 0.3308
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  Table A7: The SMSE values (in 10-4) of estimators for the Numerical example. 

k = 0.1 k = 0.2 k = 0.3 k = 0.4 k = 0.5 k = 0.6 k = 0.7 k = 0.8 k = 0.9
d=0.1 MLE 7.5960 7.5960 7.5960 7.5960 7.5960 7.5960 7.5960 7.5960 7.5960

SRMLE 7.5890 7.5890 7.5890 7.5890 7.5890 7.5890 7.5890 7.5890 7.5890
SRRMLE 7.5870 7.5860 7.5850 7.5840 7.5830 7.5820 7.5810 7.5800 7.5790
SRLMLE 7.5790 7.5790 7.5790 7.5790 7.5790 7.5790 7.5790 7.5790 7.5790
SRLTLE 7.5860 7.5850 7.5840 7.5830 7.5820 7.5810 7.5800 7.5790 7.5780

d=0.2 MLE 7.5960 7.5960 7.5960 7.5960 7.5960 7.5960 7.5960 7.5960 7.5960
SRMLE 7.5890 7.5890 7.5890 7.5890 7.5890 7.5890 7.5890 7.5890 7.5890
SRRMLE 7.5870 7.5860 7.5850 7.5840 7.5830 7.5820 7.5810 7.5800 7.5790
SRLMLE 7.5800 7.5800 7.5800 7.5800 7.5800 7.5800 7.5800 7.5800 7.5800
SRLTLE 7.5850 7.5840 7.5830 7.5820 7.5810 7.5800 7.5790 7.5780 7.5770

d=0.3 MLE 7.5960 7.5960 7.5960 7.5960 7.5960 7.5960 7.5960 7.5960 7.5960
SRMLE 7.5890 7.5890 7.5890 7.5890 7.5890 7.5890 7.5890 7.5890 7.5890
SRRMLE 7.5870 7.5860 7.5850 7.5840 7.5830 7.5820 7.5810 7.5800 7.5790
SRLMLE 7.5810 7.5810 7.5810 7.5810 7.5810 7.5810 7.5810 7.5810 7.5810
SRLTLE 7.5840 7.5830 7.5820 7.5810 7.5800 7.5790 7.5780 7.5770 7.5760

d=0.4 MLE 7.5960 7.5960 7.5960 7.5960 7.5960 7.5960 7.5960 7.5960 7.5960
SRMLE 7.5890 7.5890 7.5890 7.5890 7.5890 7.5890 7.589 7.5890 7.5890
SRRMLE 7.5870 7.5860 7.5850 7.5840 7.5830 7.5820 7.581 7.5800 7.5790
SRLMLE 7.5820 7.5820 7.5820 7.5820 7.5820 7.5820 7.582 7.5820 7.5820
SRLTLE 7.5830 7.5820 7.5810 7.5800 7.5790 7.5780 7.5770 7.5760 7.5750

d=0.5 MLE 7.5960 7.5960 7.5960 7.5960 7.5960 7.5960 7.5960 7.5960 7.5960
SRMLE 7.5890 7.5890 7.5890 7.5890 7.5890 7.5890 7.5890 7.5890 7.5890
SRRMLE 7.5870 7.5860 7.5850 7.5840 7.5830 7.5820 7.5810 7.5800 7.5790
SRLMLE 7.5830 7.5830 7.5830 7.5830 7.5830 7.5830 7.5830 7.5830 7.5830
SRLTLE 7.5820 7.5810 7.5800 7.5790 7.5780 7.5770 7.5760 7.5750 7.5740

d=0.6 MLE 7.5960 7.5960 7.5960 7.5960 7.5960 7.5960 7.5960 7.5960 7.5960
SRMLE 7.5890 7.5890 7.5890 7.5890 7.5890 7.5890 7.5890 7.5890 7.5890
SRRMLE 7.5870 7.5860 7.5850 7.5840 7.5830 7.5820 7.5810 7.5800 7.5790
SRLMLE 7.5840 7.5840 7.5840 7.5840 7.5840 7.5840 7.5840 7.5840 7.5840
SRLTLE 7.5810 7.5800 7.5790 7.5780 7.5770 7.5760 7.5750 7.5740 7.5730

d=0.7 MLE 7.5960 7.5960 7.5960 7.5960 7.5960 7.5960 7.5960 7.5960 7.5960
SRMLE 7.5890 7.5890 7.5890 7.5890 7.5890 7.5890 7.5890 7.5890 7.5890
SRRMLE 7.5870 7.5860 7.5850 7.5840 7.5830 7.5820 7.5810 7.5800 7.5790
SRLMLE 7.5850 7.5850 7.5850 7.5850 7.5850 7.5850 7.5850 7.5850 7.5850
SRLTLE 7.5800 7.5790 7.5780 7.5770 7.5760 7.5750 7.5740 7.5730 7.5720

d=0.8 MLE 7.5960 7.5960 7.5960 7.5960 7.5960 7.5960 7.5960 7.5960 7.5960
SRMLE 7.5890 7.5890 7.5890 7.5890 7.5890 7.5890 7.5890 7.5890 7.5890
SRRMLE 7.5870 7.5860 7.5850 7.5840 7.5830 7.5820 7.5810 7.5800 7.5790
SRLMLE 7.5860 7.5860 7.5860 7.5860 7.5860 7.5860 7.5860 7.5860 7.5860
SRLTLE 7.5790 7.5780 7.5770 7.5760 7.5750 7.5740 7.5730 7.5720 7.5700

d=0.9 MLE 7.5960 7.5960 7.5960 7.5960 7.5960 7.5960 7.5960 7.5960 7.5960
SRMLE 7.5890 7.5890 7.5890 7.5890 7.5890 7.5890 7.5890 7.5890 7.5890

SRRMLE 7.5870 7.5860 7.5850 7.5840 7.5830 7.5820 7.5810 7.5800 7.5790

SRLMLE 7.5870 7.5870 7.5870 7.5870 7.5870 7.5870 7.5870 7.5870 7.5870

SRLTLE 7.5780 7.5770 7.5760 7.5750 7.5740 7.5730 7.5720 7.5710 7.5700
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